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1. Introduction

HIS Note describes an optimization algorithm for replicating a

desired stress state of an aeroelastic structure using a few
concentrated forces. It has potential applications, for example, in
live-fire testing (LFT) [1], where it could be used to replicate a wing’s
in-flight loads by reproducing, on the ground, the true stress state of
the wing in flight. The true stress state can be predicted using a
validated, state-of-the-art, computational fluid dynamics (CFD)-
based aeroelastic simulation tool such as AERO [2,3]. Then, the
structure can be loaded with a few controlled concentrated forces as
dictated by the algorithm to reproduce as accurately as possible the
computed stress state.

Most of the related work reported in the literature is based on pure
displacement or shape control of structures using smart material
actuators [4-14]. Two recently proposed algorithms, however,
include slope or stress as a fine-tuning criterion of an otherwise
displacement-based control procedure. Indeed, Chee et al. [15]
introduced a slope-displacement based algorithm, the perturbation
buildup voltage distribution (PBVD), in which slope control is used
to reduce the bumpiness caused by a pure displacement-based shape
control technique. Also, Chen et al. [16] introduced stress control as a
means of fine-tuning global displacement control. In this case, the
bumpiness is reduced by minimizing the large stresses that occur at
the local level. In contrast, the approach proposed in this Note
focuses directly on stress control and minimizes a relative global
error between the target stress state predicted by numerical
simulations and the stress state generated by loading the structure
with a few external forces.

II. Problem Setup and Mathematical Formulation

The success of the methodology described in this Note,
particularly for LFT applications, hinges on the availability of a
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reliable simulation tool for accurately predicting the true stress state
of the structure. Recent advances in computational mechanics, in
general, and CFD-based aeroelastic computations, in particular, are
such that this is possible nowadays. In this work, the aeroelastic code
AERO [2,3] is used for this purpose. To reproduce the predicted
stress state, embedding actuators based on smart materials in a wing
structure were considered in preliminary studies [17,18] but did not
lead to a feasible and successful loading method. For this reason,
loading with external concentrated forces only is considered in this
Note.

Consider the case of an aeroelastic wing. The approach discussed
in this Note can be summarized as follows. Given a wing structure
and a specific flight condition, appropriate computational fluid and
finite element (FE) structural models are constructed. First, the stress
state is predicted by a CFD-based aeroelastic simulation. Next, the
wing structure is loaded with a feasible number of concentrated
forces to reproduce the computed stress state. To determine the gain
in magnitude of the forces, another computation is performed to
minimize the following relative global error:

lIs —sll>
15112

E, = M

where s = target stress state predicted by an aeroelastic numerical
computation and s = stress state induced by loading with the
concentrated forces.

From Eq. (1), it follows that the crux of the proposed loading
methodology consists of solving the following optimization
problem:

min ||s — 5|l @

Next, this optimization problem is formulated in detail and related
to the parameters of the loading methodology.

Let g; denote the gain in magnitude of the ith concentrated force
with respect to a reference force, and let u; denote the displacement
vector of the global structure induced by a unit value of g;. Under the
reasonable linear assumption of the behavior of the structure, the
total displacement of the structure when N forces are applied is

I
=

u;g; =Ug (€)

i=1

where U is the matrix of displacement vectors u; and g is the vector of
gains g;.

From Eq. (3), it follows that if s; denotes the stress tensor
associated with u;, the stress state of the wing is given by

i=N
s = Zsigi =Sg
i=1

where S is the matrix of stress tensors s; associated with the gains g;.
Then, the objective is to find the gain vector g for which s = s, that
is, to solve

“

Sg =s (5)

Unfortunately, Eq. (5) can be exactly satisfied only when the total
number of concentrated forces is equal to the number of degrees of
freedom of the FE model of the structure, which can be quite large,
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and/or s is in the range of the matrix S, which can be written as
s € R(S). Hence, a nonzero residual

r=Sg—s 6)

is to be expected and accepted. Therefore, the objective becomes to
minimize an adequate norm of the above residual, for example, its
two-norm (Euclidean norm). Because some concentrated force
application points and orientations, referred to collectively here and
in the remainder of this Note as positions, can be expected to
contribute better than others at reproducing the in-flight loads, ||Sg —
S||, should be minimized in principle over all of the gains, positions,
and number of concentrated forces.

In summary, the proposed stress-control-based loading method-
ology is governed by a mathematical problem of the form

min [S(X)g —5[l,  C(g) =0 7
L
where X denotes the position vector of the concentrated forces and
C(g) is amatrix of constraints specifying, for example, an acceptable
number of forces not to exceed N, and the maximum allowable stress
in each structural member as a percentage of the yield stress.

In practice, a range for N, is set by practical considerations.
Furthermore, a reasonably good position of the concentrated forces
can be determined by a simple iterative procedure and good
engineering judgment. This is discussed in Sec. IIL.B and illustrated
in Secs. IV.A and IV.B of this Note. Therefore, for all practical
purposes, the governing problem simplifies to

min |Sg — s, C(g =<0 (8)
geR’

III. Solution Approach

A realistic but larger than otherwise number of concentrated forces
increases the complexity of the loading methodology when used in
real-life applications. On the other hand, Eq. (7) highlights the fact
that a larger than otherwise number of concentrated forces decreases
the relative global error E, [Eq. (1)]. Hence, the maximum
acceptable number of concentrated forces, N,,, is set in the form of an
acceptable range by considering a compromise between minimizing
the complexity of the application and maximizing its accuracy.

To determine the position of the concentrated forces, the following
property of the mathematical problem formulated in Sec. II is first
established: Given a wing, a corresponding FE structural model, and
a configuration of concentrated forces defined by their number N and
their positions, the smallest achievable relative global error (1) can be
evaluated a priori. Then, this property is exploited to determine N,
and a good orientation of the concentrated forces. The points of
application of these forces are determined by an iterative procedure
described in Sec. IIL.B.

A. A Priori Prediction of Performance of a Given Configuration
of Concentrated Forces

From the definition of N, and Eq. (7), it follows that the relative
global error (1) is smaller for N = N, than for any value of the
number of concentrated forces N < N,. Assume for now that N, is
set by test considerations only.

Let S, denote the matrix of the stress tensors s; obtained by
loading the wing structure with N, concentrated forces and let R,
denotes its range. R, can be determined a priori from the singular
value decomposition (SVD) [19,20]

S,=UX,V; 9

which shows that R, is the span of the first » columns of U, where r
is the number of nonzero singular values in the diagonal matrix X,,.

If s € R(S,), the solution of problem (8) formulated with S = S,
guarantees in theory a zero relative global error (1) and therefore a
perfect reproduction of the stress state.

On the other hand, if s ¢ R(S,), s can be decomposed as
=5 +5, (10)

wi

where

S| €R(S,)
{52 € Ker(SZ)

The superscript T denotes the transpose operation and Ker the null
space. From Eq. (9), it follows that a basis of Ker(ST), N,, is given
by the last n — r columns of the matrix U,, where n denotes the
number of rows of the matrix S,. Hence, the matrix N, can also be
computed a priori from the SVD (9). From Egs. (9) and (10), and the
previous observations, it follows that

1) s can be written as

s=s8, +N,v (11)
where v remains to be determined. Multiplying Eq. (11) by N7 gives
N7Ts =NIs, + NIN,v (12)
Since s, € R(S,), then
N7s, =0 (13)
and therefore
N7§ = NIN,v — v = (NgNa)"Ngg (14)
Substituting Eq. (14) into Eq. (11) gives

§=5 +N, (NgNa)"Ngg — 5 = (1 _N, (N,{Na)"Ng)g

as)
2) s, can be expressed as
§,=5-5 ——>§2:Na(N,,TNa)_INaT§ (16)
3) There exists a vector g such that
S.8=5 an

4) The smallest possible relative global error (1) achievable by the
proposed loading methodology is

E = IS.g — sl _ IS.g —si — S>> _ s>l
e = = = - ==
lIsll2 sl sl
—1
[N (NIN.) N,

lI$l2

(18)

Equation (18) reveals that it is possible to calculate the relative
global error of the stress state achieved by the proposed loading
methodology without solving for the actual gains in the concentrated
forces. If this relative global error (18) is below a specified maximum
acceptable relative global error, E, , one can proceed and compute
the solution of the minimization problem (8) analytically as follows:

g = V,,):,TU,{(I _N, (N,{N,,)”Ng)g (19)

where U,, X, and V,, are the SVD factors of the matrix S,,. In this
case, one can also recursively consider loading the structure with
fewer concentrated forces (N < N,), until the relative global error

_ IN(N"N)~'N"sl,

= h 20
‘ HE (20)

exceeds the maximum acceptable relative global error, E, , at which
point the previous number of concentrated forces is adopted and the
gain vector is given by
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g = VE+UT(I — N(N'N)~'N)3 @1

On the other hand, if the relative global error (18) is unacceptable
(E, > E, ), it can be automatically concluded that the structure
cannot be put in the desired stress state s with the desired precision
using the N, controllable concentrated forces. In this case, a different
position of the forces should be tried or increasing the number of
forces should be considered.

B. Finding Positions of Concentrated Forces

The following iterative “reduction” procedure can be applied for
finding a good position of the N, concentrated forces.

First, the hypothetical scenario of a massive loading (N > N,,) is
analyzed, but not considered for practical application. An orientation
is chosen for each concentrated force using good engineering
judgement. For example, each force is normal to the surface of the
wing at the point of application. This defines the “initial
configuration” of the concentrated forces. After the initial gains are
computed to minimize the relative global error E, (1), all forces with
a gain below a specified percentage of the largest gain are discarded.
This analysis cycle is recursively repeated while requiring £, < E, ,
until the number of forces is reduced to a value within the specified
range for N,. During the iterations, the orientation of the forces can
be kept unchanged unless required for reducing N without violating
the constraint £, < E,, .

As shown in Sec. IV, the reduction procedure described
previously converges rapidly.

IV. Simulated Applications to Slender and Cropped
Delta Wings

In this section, the proposed loading methodology is illustrated,
and its potential is evaluated, with its application to a slender wing
(the ARW2 wing) and a cropped delta wing (the F-16 Block 40
wing). In the case of the ARW2 wing, the transonic flight conditions
defined by the Mach number M, = 0.8, the altitude H = 40, 000 ft,
and the trim angle of attack @ = 2.5 deg are considered. In the case
of the F-16 Block 40 wing, these are set to M, = 0.8, H=
10,000 ft, and o = 2.5 deg. For each wing, a reasonably well-
resolved FE structural model and a CFD grid suitable for inviscid
(Euler) flow computations are constructed.

For both examples, itis assumed that5 < N, < 10and E, ~ 10%
are reasonable range values. For simplicity, it is also assumed that the
forces are normal to the surface of the wing at the point of application.

A. ARW-2 Wing

The aeroelastic research wing (ARW-2) was developed at the
NASA Langley Research Center for unsteady pressure testing in the
Langley Transonic Dynamics Tunnel. This wing has an aspect ratio
of 10.3, a leading-edge sweepback angle of 28.8 deg, and a
supercritical airfoil [21]. Itis represented here by a detailed FE model
that accounts for its spars, ribs, skin, hinges, and control surfaces.
This model is composed of 456 nodes, 1151 shell elements,
180 beam elements, 434 bar elements, and several discrete masses.
After it is clamped at its root, this FE model has 2700 active degrees
of freedom (Fig. 1).

The initial value of N is set to 380. The SVD analysis of the initial
value of the matrix S reveals that its range does not contain the
numerically predicted stress state. Nevertheless, the solution of the
minimization problem (8) delivers gains that yield a relative global
error that is as small as 6.4%. This result indicates that even though it
is not exactly in the range of the concentrated forces, the predicted in-
flight stress state can be reproduced fairly accurately by the proposed
loading methodology when the considered number of forces is very
large. Next, the reduction strategy outlined in Sec. IIL.B is applied to
reduce the number of concentrated forces to a value within the range
of N,. After the initial iteration, all forces with a gain smaller than
10% of the largest gains are eliminated. Amazingly, this reduces the
number of forces to 20 while delivering a stress state with a relative
global error of 7.8%. Using these 20 forces, the minimization

Top skin
removed

Fig. 1 Detailed FE model of the ARW-2 wing.

Fig. 2 Loading of the ARW-2 wing (five concentrated forces).

problem (8) is solved again and the forces with a gain smaller than
10% of the largest gain are eliminated. This reduces the number of
forces to 11 and increases only slightly the value of the relative global
error to E, = 8.6%. A third reduction cycle leads to the five forces
configuration shown in Fig. 2 whose gains reproduce the predicted
in-flight stress state with a relative global error of 10.2% only.

B. F-16 Block 40 Wing

The half-span of the F-16 Block 40 wing is equal to 130 in. and its
mean chord length is equal to 96 in. This wing with its spars, ribs,
skin, hinges, and control surfaces is represented here by a detailed FE
model with 9131 nodes, 2835 bar elements, 800 beam elements, a
large number of spring, shell, and solid elements, and 36,926 active
degrees of freedom after it is clamped at its root (see Fig. 3).

Starting from a hypothetical massive loading with 407 external
forces applied as in the case of the ARW2 wing, the in-flight stress
state predicted by a CFD-based aeroelastic simulation is reproduced
with a relative global error of 5.7%. Next, applying the reduction
procedure described in Sec. III.B, the number of forces is reduced in

Beams and bars
(built-up structure)

; //;;//I;;:.;"
7};”111;,';”
& '””Illl

3

Fig. 3 Detailed finite element model of the F16 wing Block 40.

Fig. 4 Loading of the F-16 Block 40 wing (eight forces).
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Table 1 Reduction of the number of external forces and effect
on accuracy (F-16 Block 40 wing)

No. of concentrated forces (N) Relative global error (E,)

407 5.7%
59 9.3%
39 9.8%
17 11.1%

8 11.7%

four iterations to eight forces. The number of forces obtained at each
iteration and the corresponding accuracy of the loading methodology
are summarized in Table 1.

Using eight external forces (Fig. 4), the proposed loading
methodology reproduces the predicted in-flight stress state of the F-
16 Block 40 wing with a relative global error of 11.7% and without
causing any structural member of the wing to yield.

V. Conclusions

The loading methodology described in this Note is capable of
replicating a desired stress state of a structure using a few external
concentrated forces. The desired stress state of this structure is
numerically predicted, and a few external concentrated forces are
applied to reproduce it. Simulation results for the ARW2 wing and
the F-16 Block 40 wing reveal that with five to eight concentrated
forces, the proposed loading methodology is capable of reproducing
the simulated in-flight stress states with a relative global error of the
order of 10-12%. This suggests a good potential for real applications.
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